\

(FEhEEia)

 §

X University of Cambridge

h
2l
B i Chaochao Lu
. 3
|
»
Max Planck Institute for Intelligent Systems

i\
e - Dlve into SCMs and POMs
N

l

I

l

|

t

I

(

l

SRR S S H | 17 Aug 2021




Disclaimer

Judea Pearl ] C AUS A I I’I"Y
& Dana Mackenzie
The @ @ ' ~ SECOND EDITION \

Book | | causaL mremence
of N STATISTICS

A Primer

Iy P MODELS, REASONING,
y udea Pear AND INFERENCE

Madelyn Glymour
JUDEA PEARL

Jonas Peters, Dominik Janzing, and Bérnhard Sch&lkopf‘

of Cause and Effect ® WILEY

Copyragded Matenal

The New Seleice Nicholas P. Jewell
WHY PRIMER CAUSALITY ELEMENTS WHATIF



The Ladder of Causation
Zg; 3-LEVEL HIERARCHY

. COUNTERFACTUALS

ACTIVITY: Imagining, Retrospection, Understanding
QUESTIONS: What if | had done . .. ? Why?

(Was it X that caused Y? What if X had not

occurred? What if | had acted differently?) P (Y ’ ‘ X ) \r \f K
A\ —

EXAMPLES: Was it the aspirin that stopped my headache?
Would Kennedy be alive if Oswald had not
killed him? What if | had not smoked the last 2 years?

2. INTERVENTION
ACTIVITY: Doing, Intervening

QUESTIONS: Whatifldo. .. ? How?
(What would Y be if | do X?) P(Y|do(x)), P(Yx)a P(Y(x))
EXAMPLES: If | take aspirin, will my headache be cured? m——

What if we ban cigarettes?

1. ASSOCIATION
ACTIVITY: Seeing, Observing
QUESTIONS: Whatiflsee...?
(How would seeing X change my belief in Y?) P(Y ‘ X)

‘ | EXAMPLES: What does a symptom tell me about a disease?
il ! What does a survey tell us about the election resulés?

(WHY, CHA1)



Structural Causal Models



Structural Causal Model

Definition: A structural causal model is a 4-tuple
<V.LL E P(u)>, where
{V1 ,V,} are endogenous variables
} are background variables
@are functions determining 7, V‘
v,—f(v U e.g., y=0o+pPx+uy,
P(u) 1s a distribution over U
and F induce a distribution P(v) over
¢

hservable variables

UIJLUZJL---iLUm/

(CAUSALITY, CH7)



Graphical Representation

Graph (G)/ - = ~C (Climate) Model (M)
S( ; c=fdwe)
S = fo(CLU
(Sprinkler) (Rain) Is(Cs)
R=frR(QU
W (Wetness) W = fi (SR @

(/\c/%us

(CAUSALITY, CH1)



Three Building Blocks

(PRIMER, CH2)
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Chain

(PRIMER, CH2)



Fork

(PRIMER, CH2)
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Collider

(PRIMER, CH2)



d-Separation

Definition 2.4.1 (d-separation) A path p is blocked by a set of nodes Z if and only if

I. p contains a chain of nodes A - B — C ora fork A < B — C such that the middle node B

isin Z (i.e., B is conditioned on), or
2. ains a collider A - B < C such that the collision node B is not in Z, and no descen-

( dant§
If Z blocks every path between two nodes X and Y, then X and Y are d-separated, conditional

f B isinZ.
on Z, and thus are independent conditional on Z.

(PRIMER, CH2)



" wre Th“" ,/T .
Back-Door Criterion (_5_:__, 3’ /&

Definition 3.3.1 (The Backdoor Criterion) Given an ordered pair of variables (X,Y) in a
directed acyclic graph G, a set of variables Z satisfies the backdoor criterion relative to (X, Y)
if no node in Z is a descendant of X, and Z blocks every path between X and Y that contains
an arrow into X.

P(Y)o(oxx)) LP(Y\X Z—)/?(-Z:')

& /\ perihia) = PLr)

(PRIMER, CH3)



Front-Door Criterion piz| Ao)

/:I;\b‘( /j@l“ =%

g EET'O(Q\X\)
o L < co‘.
~a

S:‘fef.[: M--_,
?

X
P(& | X, N) p(wW)
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Front-Door or Back-Door?

P(Y|do(X))?

(WHY, CH7)



do-Calculus

Rule 1 (Insertion/deletion of observations):

P(y|X, z,w) = P(y|X,w) if (Y 1L 2)|X, W)g,.

Rule 2 (Action/observation exchange):

PG |32 w) = POy [ &, zw) if (Y L Z) X, W)y,

Rule 3 (Insertion/deletion of actions):

Py | &, 2,w) = PO % w) if (Y 1L ZIX, WGy o

where Z(W) is the set of Z-nodes that are not ancestors of any W-node in Gy.

(CAUSALITY, CH3)



Insertion/deletion of observations

Rule 1 (Insertion/deletion of, observations):

P(y @z w) = Py (Zw) if (Y 1L Z)|X, W)g,.

Pv(z/’_vg__):P‘j)w)

(WHY, CH7)



Action/observation exchange

Q = oo ¢ X)
back —odloor

Rule 2 (Action/observation exchange):

P(y @z w) = Py (Dzw) if (¥ 1L 2)|X, W) 6y

S

Pty 2. w)piw)

F(ﬂ‘i&i))-‘—z b
~_ :”-‘-':-/\

(WHY, CH7)



Insertion/deletion of actions

Rule 3 (Insertion/deletion of actions):

Po @@ = Po 5@ o 1 z1x W, .

where Z(W) is the set of Z-nodes that are not ancestors of any W-node in Gy.

pry 12> =py)

PLT(a(DLX)) = PLY) /

(WHY, CH7)




Revisit Back-Door Criterion
PL Y l Ao kX\)
:._Z F( Y. & ' le(x)>
==




Let’s do-Calculus!

P(Y|do(X))!

(WHY, CH7)



Let’s do-Calculus!

Bczes (Ya Xl dO(W), dO(Z))

Rule3 Rule2 / 2y
P(Y|do(X)) "= P(Yda(W),do(Z)) = P X dotW). doZ)
Rule3 Bayes Y P(Y,X,W|do(Z)) e >, P, X | W, do(Z)P(W | do(Z))

 PX|do(W), do(Z)) P(X|do(W), do(Z)) P(X|do(W), do(Z))

> P, X|W,do(Z)PW) o, 30 PAXIW,ZPW) . 3 P(Y,X|W,Z)P(W)
P(X |do(W), do(Z)) T T PX|doW).do(Z)) P(X |do(Z))

pwes Ty POXIW,DPW) o 3 P(Y,X| W, Z)P(W)

X, PXIW,do(Z)P(W|do(Z)) X, P(X|W,do(Z)P(W)

> P(Y,X|W,Z)P(W)

., PX|W,Z)P(W)

Rule3

RbieZ
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Counterfactuals

These three steps can be generalized to any causal model M as follows. Given evi-
dence e, to compute the probability of ¥ = y under the hypothetical condition X = x
(where X 1s a subset of variables), apply the following three steps to M.

Step 1 (abduction): Update the probability P(u) to obtain P(u | e).

Step 2 (action): Replace the equations corresponding to variables in set X by the equa-
tions X = x.

Step 3 (prediction): Use the modified model to compute the probability of ¥ = y.

(CAUSALITY, CH3)



A Toy Example

E —
( ncouragement) B (Homework) B (Exam score) X = UX
a=0.5 c=04

H:a‘X'l'UH
Y=b-X+c-H+U,

Let us consider a student named Joe, for whom we measure X =0.5, H=1, and

Y = 1.5. Suppose we wish to answer the following query: What would Joe’s
score have been had he doubled his studv time?

Ux = 0.5, Yy_»(Uy = 0.5, Uy = 0.75, Uy = 0.75)
Uy=1-0.5-0.5=0.75, and _— =0.5-0.7+2.0-0.4+0.75
Uy=15-07-05-04-1=0.75. = 1.90

(PRIMER, CH4)



Potential Outcome Models



Potential Outcomes: Notations

V2%

T :observed treatment

Y :observed outcome

¢ :used in subscript to denote a
specific unit/individual

/A . 9
oh L Y;(1): potential outcome under treatment
yoer’ Y;(0): potential outcome under no treatment

(Brady Neal, CH2)



Potential Outcomes: Notations

1" :observed treatment
Y :observed outcome
7 :used in subscript to denote a
specific unit/individual
Y;(1): potential outcome under treatment
Y;(0): potential outcome under no treatment

ausal effect
Y3(1) — E(B

YU) —{10)

(Brady Neal, CH2)



Fundamental Problem

(Brady Neal, CH2)

T : observed treatment
Y : observed outcome

¢ :used in subscript to denote a
specific unit/individual

YL(].) : potential

| outcome under treatment

— : . |
RY 0): potentia

| outcome under no treatment



Average Treatment Effect (ATE)

i T Y [v(1)\ Y(0) Y(1)-Y(0)
1 0 o | o ?
2 1 1 |1 ? ?
3 1 0 |0 ? ?
4 0 0 @] o ?
5 0 1 |(? 1 ?
6 1 1 |1 ? ?

-

“[Y(1) — Y(0)] = EfY(1)])- E[Y(0)] ?
) 2 YOI = 0D ELHO)

(Brady Neal, CH2)




Average Treatment Effect (ATE)

i T Y Y1) Y(0) Y(1)-Y(0)
1% o 2 (o) ?
2 (1)1 1 _ 7 ?
3 (g 0 0_ 7 ?
4 (0) 0 7 (0D ?
5 8; 1 ? @ ?
6 1 1 7 ?

= T~
C[Y(1) — Y(0)] = E[Y(1)] = E[Y(0)] 2 E[Y|T = 1] —E[Y|T = 0]

e

(Brady Neal, CH2)



Causation versus Association

Popula terest

Treated O Untreated

RN

Causation Association
/

(Y] < [V ] f (Y| T=1] E[Y|T =0
—_— =

m

(WHATIF, CH1)
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lgnorability/Exchangeability /@
-

(Y(0), ¥(1)) L T T — @
— - =%t =

ﬁp_LLT
1 R 4=

Ly -
ELY(D) = Y(O)] = EY(D] = E[Y(0)] 7,
—EDIT= 1) - EYO) I =01
(=E¥IT=11-EVIT=0

(Brady Neal, CH2)



Conditional Ignorability/Exchangeability

(¥Y(0), ¥(1)) 1L T@

=[Y(1) — Y(0)] = E.E[Y(1) — Y(O) [ L]
-[Y(D) | L] = E[Y(O) [ L]]
= B [E[Y(D)|T = 1,L] = E[Y(0)|T = 0,L]]

| Y|T=1,L]-E[Y|T=0,L]]

|
~

|
~
o—

|
~
o—

(Brady Neal, CH2)



Standardization = #fack -oor

Rheia @

Kronos
Demeter
Hades
Hestia
Poseidon
Hera

/Zeus
Artemis
Apollo

Leto

Ares
Athena
Hephaestus
Aphrodite
Cyclope
Persephone
Hermes

Hebe
Dionysus

=t = e e e e e el el e = - O O OO0 O OO0
_ =R R R R R R RROOORR PR, OOOON

COOHRKRHREHEFHEHORFEKFEOOOOOHROIX

D LY | oAy )= ZP\Y | A, L) ptL)
C

(WHATIF, CH2)



Inverse Probability Weighting
ELY(— Y]

L A'Y
Rhela 0O 0 O /“\ 4
Kronos 0 0 1 /q¢0 (1//‘l
Demeter 0 0 O — ‘E[ \)’ l ' ) ] % Z T[ V)J /Yaq 25 |
Hades 0O 0 O 1
Hestia 0 1 O ’/—} »K\/
Poseidon 0 1 0 /ﬁb N /’%
Hera 0 1 O e //\gfo,g// )
Zeus 0 1 1 o ///////pg—'l 3 —¥=1, 5))
Artemis 1 0 1 //L‘;o@//\%{f” 4 . \ 7 1
Apollo 1 0 1 </f§1 ‘:, a—
Leto 1 0 O \\66\ / TR ]
Ares 1 1 1 N A0 (25 =0 C R \
Athena 1 1 1 \‘\,_\\ 3 /;3 123 /}
Hephaestus 1 1 1 Ay,
Aphrodite 1 1 1 \\\(:Z,;) ~—
Cyclope 1 1 1 s - '@\4 3
Persephone 1 1 1 (X
Hermes 1 1 0 { =1 a5
Hebe 1 1 O «\‘\x_// 6
Dionysus 1 1 0

(WHATIF, CH2)



Inverse Probability Weighting

Vi e 0
/=0 /)\
/
A Y=
Pl i |
/// \ \\w/
Q) N 70
66&’ ~—
\S/(\\}e}/ Q // : 5\\> 6
2 /‘('/’Q/J’/ \
> é "
W i ™ P - Tr@g@lﬁf /<\/\§] (25
# \\(,J/'f,, i \\)/ )
G =\ ()/F 8 \\ P
& -
\\\I\(Q ) » S ¥
\\\_//;\\\ &Umreated (0 ) /\(,/,Q R 0
~ 0 <Fy |
™~ )
\\\]"e \ \I\
\\3[6(1' \\ >/ 0
/o N T
S JEASEN
i £ 5F
\\ \(‘@%// 2
‘\v/

(WHATIF, CH2)



Inverse Probability Weighting

WA= 1/f(A|L)

TN 6 152

1/.5=2

1/.5=2

V=2

1/.25=4

1/.25=4

1/.75=1.33

L 79133

(WHATIF, CH2)




Propensity Score Theorem

Y(r) 1L T@=> Y(t) L T)e(Z) =\

—

I Y

éP(Tzl\Z)

T U Z|e(Z)

(Brady Neal, CH6)



Double Machine Learning @

Stage 1:
» Fit a model to predict Y from Z to get the predicted Y

» Fit a model to predict 1 from Z to get the predicted T

Stage 2:
» Partial out Z by fitting a model to predict ¥ — Yol T —T

o
C——
( (Chernozhukov et al. 2018) (




The Great Power of Graphs



“Logic void of representation is metaphysics.”

—-Judea Pearl



Visualizing Counterfactuals

(PRIMER, CH4)



Example

;! ;?
: - —e

x ¢ 'z b vy
(College)  (Skall) (Salary)

ElYy_|Z = 1]

(PRIMER, CH4)



The Twin Network Method

x__/;z-———-%\r

@z

(CAUSALITY, CH?7)



(Y(0), ¥(1)) L X

(Y(0), Y(1)) L X |Z



Single-World Intervention Graph (SWIG)

z 2

Va,lue

(Y(0),Y(1)) L X XK Y (x)

| X

YO, Y1) L Xz \/
Tix) X |2

(WHATIF, CH7)



Example Using SWIG
X, V4 Y _é—o-/ (%) —> [ 1%., %)

iz

H -

i M (Xe, %) JJ. X%

2\




Counterfactual Interpretation of Backdoor

/

Theorem 4.3.1 (Counterfactual Interpretation of Backdoor) If a set Z of variables sat-
isfies the backdoor condition relative to (X, Y), then, for all x, the counterfactual Y. is condi-
tionally independent of X given Z

P(Y.|X,Z)=P(Y.|Z) (4.15)

(PRIMER, CH4)



Connections



How does POM work?

e “Mud does not cause rain.”

* The probability of the counterfactual event “rain if it were not muddy” is the
same as the probabillity of “rain if it were muddy”.

» Causal judgements are expressed as constraints on probability functions
Involving counterfactual variables.

(CAUSALITY, CH3)



How does POM work?

* The potential-outcome analysis proceeds by imaging observed distribution

P(xy, ...,x,) as marginal distribution of an augmented probability function P*
defined over both observed and counterfactual variables.

» For example, P(y|do(x)) is phrased as P * (Y. = y).

 The potential-outcome approach views the variable Y under do(X) to be a
different counterfactual variable Y.

 The counterfactual variable Y, can be connected to observed variable X and
Y via consistency constraints: X =x— Y =Y

(CAUSALITY, CH3)



From Graphs to Potential Outcomes

-Exclusion restrictions: For every variable Y having parents PA, and for every
set of variables § disjoint of PA,, we have

N =T Py 4 (1) = Ypuf1)

-Independence restrictions: If Z,, ..., Z, is any set of nodes not connected to ¥
via dashed arcs, we have
Z
\71/

Uy _/L—- l/(-Z\ U U2e

(CAUSALITY, CH?7)



Example

U
.'CD'-.
!.‘. .'..
X /

Vpa, (1) =Yg 5(10)

paY AL {Zl Zk

Pazl pdz,

(CAUSALITY, CH7)



Axiomatic Characterization

-Composition: For any three sets of endogenous variables X, Y, and Win a

causal model, we have
%(u) — \;\/ — @M) — Yx(u) : K(jj_\

x=@ =

Effectiveness: For all sets of variables, we have W L U‘\

-

(CAUSALITY, CH7)



Example from Counterfactual Logic

Ul
.O‘
X / Y
Smoking Tarin Cancer
Lungs

(CAUSALITY, CH7)



Example from Counterfactual Logic

2 (u) =2, (u), Task 1

- _ . Compute P(Z,. = 7)
Xy(u) o XZY(M) - XZ(M) = X(w), (i.e., the causal effect of smoking on tar).
Y.(u) =Y, (u),

Z A {Y,X}.

Composition:

Wu)=w=Y W@ =Yu).

Effectiveness:

X, (u) =x.

(CAUSALITY, CH7)



Example from Counterfactual Logic

Z{u) = 2,,(w), Task 2
Xy(u) = Xzy(bt) — Xz(u) — X(l/t), Compute P(YZ = V)

(i.e., the causal effect of tar on cancer).
Y.(u) =Y, (u),

Z A {Y,X}.

Composition:

Wu)=w=Y W@ =Yu).

Effectiveness:

X, (u) =x.

(CAUSALITY, CH7)



Example from Counterfactual Logic

2 (u) =2, (u), Task 3
Xy(u) — Xzy(u) = X (1) = X(u), Compute P(Y, = y)

(i.e., the causal effect of smoking on cancer).
Y.(u) =Y, (u),

Z A {Y,X}.

Composition:

Wu)=w=Y W@ =Yu).

Effectiveness:

X, (u) =x.

(CAUSALITY, CH7)



POM versus SCM

» Y (1) stands for the outcome of experimental unit u under a hypothetical
experimental condition X = x.

* In POM, Y (1) is NOT derived from a causal model or from any formal
representation of scientific knowledge, but is taken as a primitive.

» Y. (1) is connected to the reality only via the consistency rule.

* Consequently, POM does NOT provide a mathematical model, without the
guarantee on completeness.

(CAUSALITY, CH7)



POM versus SCM

» The formal equivalence between POM and SCM covers issues of semantics
and expressiveness but does NOT imply equivalence in conceptualisation or
practical usefulness.

» SCMs and their associated graphs are particularly useful as means of
expressing assumptions about cause-effect relationships.

* The major weakness of POM lies in the requirement that assumptions be
articulated as conditional independence relationships involving
counterfactual variables.

» The most compelling reason for molding causal assumption in the language of
graphs is that such assumptions are needed before the data are gathered.

(CAUSALITY, CH7)
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Thank you.

Q&A

R




