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The Ladder of Causation
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Structural Causal Models
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Three Building Blocks
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Back-Door Criterion
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Front-Door Criterion
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Front-Door or Back-Door?
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Insertion/deletion of observations
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Action/observation exchange
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Insertion/deletion of actions
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Revisit Back-Door Criterion
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Let’s -Calculus!do
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Counterfactuals
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A Toy Example

Let us consider a student named Joe, for whom we measure X = 0.5, H = 1, and 
Y = 1.5. Suppose we wish to answer the following query: What would Joe’s 
score have been had he doubled his study time?
•
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Potential Outcome Models



Potential Outcomes: Notation
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Potential Outcomes: Notation
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Fundamental Problem
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Average Treatment Effect (ATE)

(Brady Neal, CH2)



Average Treatment Effect (ATE)

"[Y(1) − Y(0)] = "[Y(1)] − "[Y(0)] = "[Y |T = 1] − "[Y |T = 0]?e
(Brady Neal, CH2)



Ignorability/Exchangeability

"[Y(1) − Y(0)] = "[Y(1)] − "[Y(0)]
= "[Y(1) |T = 1] − "[Y(0) |T = 0]
= "[Y |T = 1] − "[Y |T = 0]
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Conditional Ignorability/Exchangeability

"[Y(1) − Y(0)] = "X"[Y(1) − Y(0) |X]
= "X["[Y(1) |X] − "[Y(0) |X]]
= "X["[Y(1) |T = 1,X] − "[Y(0) |T = 1,X]]
= "X["[Y |T = 1,X] − "[Y |T = 0,X]]
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The Great Power of Graphs



–Judea Pearl

“Logic void of representation is metaphysics.” 



Visualizing Counterfactuals
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Example
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The Twin Network Method
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Example
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Counterfactual Interpretation of Backdoor
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Connections



How does POM work?

• “Mud does not cause rain.”


• The probability of the counterfactual event “rain if it were not muddy” is 
the same as the probability of “rain if it were muddy”.


• Causal judgements are expressed as constraints on probability functions 
involving counterfactual variables.

(CAUSALITY, CH3)



How does POM work?
• The potential-outcome analysis proceeds by imaging observed 

distribution  as marginal distribution of an augmented 
probability function  defined over both observed and counterfactual 
variables.


• For example,  is phrased as .


• The potential-outcome approach views the variable  under  to be 
a different counterfactual variable .


• The counterfactual variable  can be connected to observed variable  
and  via consistency constraints: 

P(x1, …, xn)
P*

P(y |do(x)) P * (Yx = y)

Y do(X)
Yx

Yx X
Y X = x ⟹ Yx = Y
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From Graphs to Potential Outcomes
•Exclusion restrictions: For every variable  having parents  and for 
every set of variables  disjoint of , we have

Y PAY
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•Independence restrictions: If  is any set of nodes not connected 
to  via dashed arcs, we have
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Example
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Axiomatic Characterization
•Composition: For any three sets of endogenous variables , , and  in a 
causal model, we have

X Y W

•Effectiveness: For all sets of variables, we have 

Wx(u) = w ⟹ Yxw(u) = Yx(u) .

Xxw(u) = x .
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Example from Counterfactual Logic
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Example from Counterfactual Logic

Wx(u) = w ⟹ Yxw(u) = Yx(u) .

Xxw(u) = x .

Composition:

Effectiveness:

Zx(u) = Zyx(u),
Xy(u) = Xzy(u) = Xz(u) = X(u),
Yz(u) = Yzx(u),

Zx ⊥⊥ {Yz, X} .

Task 1
Compute  

(i.e., the causal effect of smoking on tar).

P(Zx = z) +→ z

Pax Ix)
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Example from Counterfactual Logic

Wx(u) = w ⟹ Yxw(u) = Yx(u) .

Xxw(u) = x .

Composition:

Effectiveness:

Zx(u) = Zyx(u),
Xy(u) = Xzy(u) = Xz(u) = X(u),
Yz(u) = Yzx(u),

Zx ⊥⊥ {Yz, X} .

Task 2
Compute  

(i.e., the causal effect of tar on cancer).

P(Yz = y) z
→ Y
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Example from Counterfactual Logic

Wx(u) = w ⟹ Yxw(u) = Yx(u) .

Xxw(u) = x .

Composition:

Effectiveness:

Zx(u) = Zyx(u),
Xy(u) = Xzy(u) = Xz(u) = X(u),
Yz(u) = Yzx(u),

Zx ⊥⊥ {Yz, X} .

Task 3
Compute  

(i.e., the causal effect of smoking on cancer).

P(Yx = y) x→ y

(CAUSALITY, CH7)



POM versus SCM
•  stands for the outcome of experimental unit  under a hypothetical 

experimental condition .


• In POM,  is NOT derived from a causal model or from any formal 
representation of scientific knowledge, but is taken as a primitive. 


•  is connected to the reality only via the consistency rule.


• Consequently, POM does NOT provide a mathematical model, without the 
guarantee on completeness.

Yx(u) u
X = x

Yx(u)

Yx(u)f-
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POM versus SCM
• The formal equivalence between POM and SCM covers issues of 
semantics and expressiveness but does NOT imply equivalence in 
conceptualisation or practical usefulness.


• SCMs and their associated graphs are particularly useful as means of 
expressing assumptions about cause-effect relationships.


• The major weakness of POM lies in the requirement that assumptions be 
articulated as conditional independence relationships involving 
counterfactual variables.


• The most compelling reason for molding causal assumption in the 
language of graphs is that such assumptions are needed before the 
data are gathered.
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Potential Outcome Model

Structural Causal Model

Exclusion Restrictions
Independence Restrictions

Reversibility

Composition
Effectiveness


